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AHHOTAUKA

Kunra cocraBiena u3 cepHu cTraTeil H3BeCcTHOTO
amepukanckoro ¢usuxa-teoperuka k0. Illsuurepa,
MOCBALUIEHHBX NOCHENORATEIbHOMY H3NOXEHHIO TEO-
PHH KBaHTOBAHHBIX NoJel ¢ NOMOLIbO €XHHOrO AHHA-
MHYeckoro npuHuuna. B Xome u3noxenus asTop
WHPOKO HCHOXL3yeT Teopuio Ppynxuuit Fpuna (dpyux-
nuit pacnpocTpaHenus). Teopus KBRaHTORAHHHIX IIO-
Jefl JNEXWHT B OCHOBE COBPEMEHHBIX (DH3HMYECKHX
npexcTasaeHHfl 0 CBOMCTBAX 9JIeMEHTAPHbIX HACTHL
M HX NPeRpAaLleHHAX; METOAbl, Pa3padoTaHHbIE B 3TOH
TEOPHH, TOBHAHMOMY, MOTyT OBITh HCHOJb30BAHbI
B paxe apyrux obnacreii TeopeTHYecKoH (PH3MKH,

KHura paccuMTaHa B NEpRYI0 odepeib KAaK HA
$U3MKOR, 3aHHMAIUUXCH HCCAEJOBAHHAMH B 00-
JJACTH KBAHTOBOH TEOPHHM NOJH, TAK U HAa PH3IHKOR
IPYyruX chneuMaxbHocTefl M MaTeMAaTHKOB, HMHTepe-
CYIOIIHXCH COBPEMEHHBIMY METOXAMH M npobaemamu
TeopeTnyeckofl (pH3NKH.

Pepakuus nutepatypbi 1o ¢usuke

Basedywouuili pedaryuei npog. A. A. COKOJIOB



MPEAVCITIOBHE

Hacrosumas KHura sBJdeTCs TMNepPeBONOM cepum cTaTeh
[O. Ulpunrepa, ony6iukoBaHHbIX B 1953—1954 rr. noa oGwum
HasBaHueM ,TeOpHa KBaHTOBAHHEIX noJjek“. ABTOp 3THX cTaTel,
KPyNHBIH aMepukaHcku#t ¢uauk-Teopeturk [Onuan Ilsuurep,
H3BeCTeH CBOMMH paboTaMK MO PAa3JHYHBIM BOMNpPOCAaM sflle pPHON
¢H3UKH, B YACTHOCTH MO TeOPHH AJEePHLIX CHJ, MO TeOPUU pac-
CesHus, MO M3JIy4YeHHIO 4HAaCTHUL B ycKkopuTeasx. HauGosee us-
BeCTHBle paGotsl llIBuHTrepa OTHOCATCA K KBAHTOBOR TeOpPHH NOJ,
B OCOOEHHOCTH K KBAaHTOBOH 3JjekTpoluHamMuke. CoBeTCKHH uHTa-
TeJb y¥e HMeJ BO3MOXHOCTb MO3HAKOMHUTbCS C I[epPeBOAAMH
pa6ot llIBuHrepa [1—7, 55], B KOTODBHIX OH BMepBLEe H3JOKUJ
OCHOBEl KBAHTOBOH 3JeKTPONMHAMHUKH B CTPOLO KOBaPHAHTHOM
H KaJiuOpPOBOYHO-KOBAPWUAHTHOM BHIe, BBeJ INpelcTaB/eHHe
B3aMMONe{ICTBHS H. BBIUHCJHJ DPAA PagHaLHOHHBIX MONPABOK.

Hs cepun ,Teopusi KBaHTOBaHHLIX NoJei* LlIBunrep onyG.u-
KOBaJI leCTh cTaTelt. [TepBad cTaTha NosBUJIach B neyatu B 1951 r.,
U NepeBol ee OB BKJIIOYeH B cOopHHK ,HoBeiinlee pasBuTue
KBaHTOBOR 3JIeKTpOAHHAMHKU®. SIBAAACH, C OAHOK CTOPOHBI, MPO-
NOoJOKeHHeM NpelblAywiuX padoT aBTOpPa MO KBAHTOBOH 3JEKTPO-
IHHAMHKe, 3Ta Cepusl, C IPyroll CTOPOHH, HMeeT CAMOCTOsA-
TeJbHOe 3Ha4YeHHUe, MOCKOJbKY OHa NMOCBsLLEHa NOC/e/J0BATEJILHOMY
NOCTPOEHUIO TeOPUH KBAHTOBAHHBIX MOJIel C MOMOLLBIO €ILHHOrO
JHHAMHYeCKOr0 NpHHLHUMNA.

B pa6Gorax a3To#t cepuu aBTOp OOGOCHOBAJ JIHHAMHYECKHH
NPHHUHM, NOJYUYHJ C ero NMOMOHILI0 yPaBHeHHs IBHXKeHH, BBLIBE
NepeCTaHOBOUHLle COOTHOIIEHHUs /IS OllepaTOPOB NoJjefl, nokasas,
KaK K3 HHBAPHAHTHOCTH TEOPHH OTHOCHUTEJBHO OTpaKeHHA Bpe-
MeHH CJ/elyeT CBA3b MeX]y CIHHOM H CTATHCTUKOH, M HCCle-
NOBal psA NPyrux CJeICTBUM NuUHamuueckoro npuHuuna. [Ipu
3TOM, NOMHMO HCTOYHHKOB Mnoje# bBose —DHHmTe#tHa, B pac-
cMoTpeHue OblM BBeleHbl aHTHKOMMYTUDYIOLUIMe UCTOUHHKH NOJel
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®epmu — Jlupaka. BpeleHue HCTOUHHKOB MOJelt MO3BOAUAO KOM -~
MaKTHO MNpenCcTaBHTb OeCKOHeuHble CHCTeMbBl YDaBHeHH! B Bule
ypaBHeHu#l B BApHALMOHHBIX MNPOHM3BOJHHIX H CleJaTh MHOIHe
NoKa3aTeabcTBa 60Jee NMPO3PAUHBIMH.

B xome naabHef{luero ucciAenoBaHust aBTOp NoapobHO pac-
cMoTpesn nojde Bose —DiHIITeHA C BHeIIHMMH HCTOYHHKAMH,
none $Pepmu— Jupaka c BHEWHHMH CIMHHODHLIMH UCTOYHHKAMH,
a raxke nojse Pepmu — Jlupaka npu HaJHYHH 3a0aHHOTO BHell-
Helo 3/JeKTPOMATHHTHOIO NOJS KaK 3aBMCALIero, TaK H He 3aBH-
CALErO OT BpeMeHH. ’

Xotsa cepusa cratelt, ony6/mkoBaHHnX HIBuHrepoM, He 3aBep-
HIeHa, OIHAaKO MCCAeNOBAaHus, COCTABJAAIOIIME COAeprKaHHe STON
CepHH, NPeACTABISIOT CAMOCTOATe/bHBIA UHTepec IS M3yueHHs
psila OCHOBHEIX BONpPOCOB TeOPDHH KBAaHTOBAaHHEIX nojdeit. Kaio-
eHue LIIBHHrepoM KaK OCHOB TeOpPHM, TaK H KOHKDeTHBIX 3a1a4
OT/IH4aeTCs NMOJHOTOR (B pamMkax NporpaMmbl, HaMeueHHON B pa-
Gotax [6, 7]) m He TtpeOyeT oOpalieHHs K MHOTOYHC/IEHHBIM
NepPBOMCTOYHHKAM, TaK K4K MHOTHe pDe3yJabTaThi, IOJYy4YeHHbie
paHee pa3NMYHBIMH aBTOPAMHU C MOMOUIbIO Pa3HOOOPa3HBIX MeTONOB,
BHIBOIATCA 31eCb C €NMHOM TOUKHM 3peHHst. ITO MNO3BOJsAeT O0B-
eIHHHTb NepeBoib cTaTeit llIBuHrepa B KHuUTY.

Bo BTOpoO#t.cTaThe 3TOH CepHH, NOoABHBHIieHca B mevyaTH depes
ABa roia nocile onyGAMKOBaHusi nepBo#t cratbu, lO. llBunrep,
KaK OH 3TO caM OTMedaeT, 3aHOBO HauHHAdeT H3JIOXKEHHe MaTe-
puana. IToaToMy OTCYyTCTBHE NMepBOH CTAThH B HACTOsIUEH KHHTe
O6BACHAETCH He TOJBKO TeM, UTO NMepeBOL ee yiKe Obil H3MLaH,
a rAaBHHIM - O6pa3oM TeM, YTO 3Ta CTATbSl CTOMUT OCOOHSKOM H
nocieayiownt MaTepHaJ MOXeT pacCMaTpUBaTbCS He3aBUCHMO
ot Hee. [lepBas riaBa HacTOswe# KHHUTH W SBASETCH [ePEBOILOM
ctatbu I, a mocrenywoumue raasbi — COOTBETCTBEHHO fepeBOJAMH
crareir II[—VI.

B npunoxenun naH nepeBon ctratbd llIBuHrepa ,3ameuanue
O KBAHTOBOM [HHAMHYECKOM IpDHHUHNE®, B KOTOPOH IOKAa3aHO,
4TO OCHOBHOM IMHAMUUeCKH! NPHHUKUN, cHOPMYAHPOBAHHLIN [1ePBO-
Ha4aJbHO IJsi CHCTeM C OeCKOHEUHbIM YHC/IOM CTeneHek CBOGOAMI.
NpHUMeHHM TaKe K KBAHTOBOMEXAHHUECKHM CHCTEMAaM C KOHEYHbIM
YHCAOM CTeNeHel cBOGOIAH. DTa CTaTbhsl MOXKeT CnOCOGCTBOBATE
BHICHEHHIO XapaKTepHBIX 4YepT AMHAMHUECKOro NMpuHuuna, cdop-
myaupoBanHoro [lIBunrepom.

Ins pasBUTHS KBAaHTOBOH TeOpHMH NOJeH, B YaCTHOCTH KBaH-
TOBOH ~ 9/IeKTPONMHAMUKH, 3a NOC/AeIHHe TOAbl XapaKTePHBIM
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fBJSETCS BBelleEHe H IIMPOKOe HCNONb3OBaHHe (yHKUMHI I'puna
(pyHKUMA PacCnpOCTpaHeHHs) U BepLIUHHBIX QYHKLUHUH, T. €. dyHK-
UHH, ¢ NOMOIILIO KOTOPHIX pPellleHUS OCHOBHBIX yPaBHeHHWH Teopuu
BHIPAXKAIOTCS Yepe3 BHeUIHWe HCTOYHHKH WM Yepe3 3HAYeHHSR
TeX e pelleHH# Ha HeKOTOPHIX T'HNepnoBepXHOCTsX. Teopus
¢dyHKUME I'puHa Oblia ucnoabaoBaHa llIpuHrepoM npu paccMo-
TpeHHH BONPOCOB NOJSPU3AUMH BaKyyMa H KaauOpOBOYHOM WHBa-
puaHTHOCTH [5] ¥ Oblla MM KOHCIIeKTHBHO H3/0)KeHa B palo-
tax [6, 7], onyOaukopaHHbix B 1951 r. MmenHno Ty nociennue
pa6oThl 1amM TOMYOK OypHOMY pasBUTHIO TeOpUH (yHKUMH
I'punHa, GyHKUMOHAILHEIX METOLOB HCC/le 10BAHUS BONIPOCOB TeOPHH
KBAaHTOBAHHBIX TIOJeH, a TakXe IMpHIOKeHHH 3STHX MeTONOB
K PRLYy KOHKpPeTHHIX NpOOGJeM. ‘

MckaountenbHas KpAaTKOCTb H3JokeHWss B pabotax [6, 7]
npuBesa K TOMYy, 4TO NOSBUHJACS psal palbOT, B KOTOPHIX ypaB-
Heuusg [llpuHrepa OBIIM 3aHOBO TMOJNyYeHBl Pa3HLIMH CIOCO-
6amu [8—11], npuueM aBTOpPH CTapaiuch H30eXkaThb HCMOJb-
30BaHHS [MHAMHYECKOrO TNpHHUMNA M aHTHKOMMYTHD VIOLIHX
HCTOYHHKOB LIEHOI0 HEKOTOpPOro YC/IOXKHEHHS JO0Ka3aTelbCTB.
B naabHe#mux vccnenoBaHusx Obi/l BBEeH NPOU3BOASLIME (yHK-
LMOHAA M HCC/IeJOBAIHCh ypaBHeHHS B BapHALMOHHBIX ITPOU3-
BOJHHIX, KOTOPLIMU OH onpeneagercs [13—20, 65]. Crenyowmm
e€CTeCTBEeHHBbIM * 1aroM OblM NONLITKM NpelCTaBleHHS pellleHU#
NOJNy4YeHHHIX ypaBHeHH# B BHle O6eCKOHeYHO-MepHbIX (KOHTH-
HyaJ/IbHbiX) uHTerpaJnoB [13, 21—32, 66, 67], npuyem BHRCHHIACH
SKBHBAJeHTHOCTb UX C COOTBeTCTBYIOLUMMH BHIDaXKeHHSIMH B BUIe
HHTerpasioe ,no BceM nyTam“ Peitnmana [33].

YpaBHenus nnag ¢ysHkuuit [puHa nan¥ BO3MOXKHOCTHL HCCle-
IOBaTh HeKOTOpLle CBOHCTBA B3aUMOAeHCTBHS KBAHTOBAHHbIX NOJAe#
6es mnpuMeHeHHs OOCLIYHOH TeOpUU BO3MylleHHH. B yacTHOCTH,
6ot noayueHbi [34—48] acHMNTOTHYeCKHe BHIPAXEHUA LA%
¢dyHKUU# pacnpocTpaHeHHs U BepuiuHHbIX ¢yHkuu#t. Hccaeno-
BaHMe HallleHHEIX INpPH STOM BHIpaXXeHH# NpUBejI0 aBTOPOB pa-
6ot [49—53] Kk BLIBOAY O TOM, 4YTO U3 ¢OpMaabHOH KBaHTOBOH
9/1eKTPOJYHAMHKH H Me30HHOH TeODHH cO ciabo#l cBR3bI0 clellyeT
PaBeHCTBO HyJ/I0 KOHCTaHT B3aUMOLeHCTBHUS.

Hicnonbzopanwe dynxkuuit ['puHa nosBomuac paccyuTaTL pan
HOBHIX TOHKHX 3¢¢eKTOB M 1aTb HOBble BHBOIH 115 paHee
noayudeHHbX pesysibTatoB [54—60]. Ilpumenenue dyHKuHO-
HaJbHbIX MeTOMOB DU HCCAeN0BaHUEX ¢ PyHKUHeMH I DHHA NellaeT
MHOTHe [0Ka3aTe/bCTBa OO/Jee KPATKUMH W SCHBIMH, TO3BOAfET
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NpPOBOAUTDL DSl AOKAa3aTelbCTB eJHHLIM MeToldoM [61—63]. [Ipu-
MeHeHHe (PYHKUHOHAABLHBIX METONOB, X4aPAaKTePHHX [/ ONHCAHUS
cucTeM C OGCKOHEYHBIM YHC/IOM cTeneHe#! CBOGOAL, MO3BOJASET
NepPeHOCHTb MeTOIH, paspaboTaHHble B OLHHX 006/JacTax Teope-
THUYeCKOH (U3HKH, HA Apyrue ee obmacTd (CM., HanpuMep, [64]).

HecoMHenHO, npuMeHeHHe (YHKUHOHAILHBIX METOJOB B KBaH-
TOBOH TeOpHM MO/ HAXOLUTCA B HA4AAbHOM cTaldu CBOero pas-
BUTHS, U XOTd Ha ITOM NyTH INO CHX NOp elle He MOJY4YeHO
'HOBHIX (PH3HYeCKHX pe3y/bTaTOB, TeM He MeHee QYHKHHOHAIbHAA -
¢dopMynupoBka ypaBHeHH}! TeOpHH MNpeNCTaB/iseT 3HAUHTebHBIH .
HHTepeC, TaK Kak OHa, BO-NMepBHIX, [aeT eJHHCTBEHHYIO MOKa
BO3MOXXHOCTb BHIXONa 332 paMKH TeODHUHM BO3IMYLUeHH# H, BO-
BTOpPHIX, cOYeTaeT eIHHOOOpA3He MEeTOLOB CO CTporoﬁ KOBa-
PHAHTHOCTBLIO Pe3y/abTATOB.

B cepuu ctateit’ llIBuHrepa, nepeBelJeHHbIX B HAacTOdAueH
kHure, ¢yHkuud [puHa ¥ dyHKUHOHAILHBIE MeTONBl MNOC/AeLO-
BaTe/bHO HCNOJb3YIOTCS 1/ MOJyUeHHS MHOMHX TeOpEeTHYECKUX
COOTHOIIeHHH W KOHKPeTHHX BHBOAOB. XoTa LlIBuHrep naaexo
He Mcuepnal Bce#t MPOrpaMMbl NPUMeHeHUS STUX METOLOB, HaMe-
yenHo#! umM B pabortax [6, 7], ogHako B TOH uyaCTH NMPOrpamMmmel,
KOTOPYI0O OH BHINOJHH/I, MNOMMMO YKa3aHHBIX BhHIle KOHKDeTHBIX'
pe3yabTaATOB, OH NOAPOOHO H3/JOXKHUJA OCHOBHble BOMPOCHI, BO3HH-
Kamouipe npH npuMeHeHHH (pyHkuull I'puHa u QyHKUMOHAIBHBIX
MeTONOB B KBAHTOBOH. TeOpHHU MOJASA. DTO HM3JIOXKeHHe CO MHOTHX
TOUeK 3peHUd gBIdeTCH BeCbMa MOYUHUTE/NLHBEIM.

Mbl HajneeMcd, 4TO HAcTOALlAs KHUra, NpencTaBassa coboit
¢yHraMeHTaNbHOe BBeleHHe B KpPyT BONPOCOB, KPAaTKO 3aTpoO-
HYTBIX HaM¥ Bwllle, OyneT noJe3HOM Kak i JulL, BeldYHIHX
HCCIeNOBaHUA B 00J4CTH KBaHTOBOH TeOpHH NOJSA, TaK M 1Jd
HIHPOKOro Kpyra (H3MKOB H MAaTeMAaTHKOB, HHTePeCYIOWHXCHA
npo6ieMaMu TeOpeTHUeCKOH H3HKH H, B YAaCTHOCTH, Teopueit
A1MHAMUYEeCKHX CHCTeM C OeCKOHEUYHBIM UHC/IOM CTeneHel CBOOGOIHI.

H. Il. Kaenuros,
JI. H. Jlanuoyc.
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FJIABA ID

3xech mnpeiacTaBJEHbl aprymMeHTH, NpHUBOAAMME K (DopMyupOBKe
NPUHLMIIA JeHCTBUA AaA NMOJas obuiero Buja. B cBA3u ¢ nosauelM pa3noxe-
HUEM BCE€X YMCJIEHHBIX MAaTPHUI{ HA CHMMETPHUYHYIO ¥ AHTHUCUMMETDPUYHYIO
yacty ofllee MoJe TaKXe€ paaJjaraercs Ha ABe YacTH, KOTOPblE OTOXIE-
CTBAAIOTCA ¢ noasMu Dode — Siinuireitna u Pepmu — Jupaka. Orpaunu-
yeHHe 3HAYeHWH CIIMHOB 3THUX ABYX BHEOB Iogeil caelxyer u3 rtpeboBa-
HUS HHBAPHAHTHOCTHA OTHOCHUTEILHO oOTpaxeHus BpemeHH. CoriaacoBaH-
HOCTh TEOpHMH TpOBEPAETCA TPy MOMOUIM KPHUTEPHs, BKJIIOYAOUIEro
pa3anyHbie NPOU3BOIAIIME oOleparopsl O0ecKOHEYHO MaJjbx Npeobpaso-
pauuii. ITocne ob6cykaenda 3apsKeHHbIX Togelt BBOAUTCSA 3JeKTpOMAar:
HUTHOE TOJe TakK, 4ToObl YAOBJETBOPUTH MOCTyhaary obuueli Kaaubpo-
BOYHOH HMHBAapHAaHTHOCTH. B cuny mnocaenHeit ycraHaBausaeTrcs, Y10
3JE€KTPOMATHHTHOE [IOJI€ Y 3apsAXEHHblEe [0Js HE ABAAITCA KMHEMAaTH-
yecku He3daBucuMeiMH. Ilocae oG6cywZeHHs IepecTaHOBOYHBIX COOTHO-
meHUH IANA HanpsKeHHOCTell MoJeil He3aBHUCHMBIE AWHAMHUYeCKHe Ilepe-
MEHHHIE SJEKTPOMArHMTHOTO TOJA HAXONATCA NPH clielyajbHOM BBIGOpE
KaJuO6pOBKH.

Bcs mpencraBieHHag aBTOpPOM Cepus craTell MNOCBsieHa
OJHOR TeMe — MOCTPOEHUI0 TeOPHH KBaHTOBAHHLIX MOJER MPH
NOMOMM €JHMHOTO OCHOBHOTO AMHAMMYEeCKOro mpuHuuna. Buauane
MBl OaAHM MNepecMOTpeHHb 0030p HCcaemoBaHuh, COmEPKa-
HMxca B nepsoét crarbe [1l. ‘

IHHAMUYECKHNA NOPHHIMI

- PYHKUMM npeoOpa3oBaHMs, CBA3LBAIOILME pAasJHuHble MpPes-
CTaBjieHHs, 00Jafal0T CJAELYIOMHMH NByMS OCHOBHBIMM CBOM-
CTBaMH:

@ |¥)= [ (2’ |8)d8" @11,
@18 =@ | ),

) J. Schwinger, The. Theory of Quantized Fields. I, Phys,
Rev., 91, 713—728 (1953).
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~
rie } d3’ osHayaeT KAk MHTEr DUPGBAHHE, TAK W CYMMHDOBaHME
no cnexkTpy cofcTBeHHHX 3Hadewn#i. Ecam 3(a’|3’) saBasgercs

KakKuM-1460 OeCKOHeUHO MaJEIM W3MeHEeHHMeM (DYHKUMH npeobpa-
30BaHMA, TO MBI MOXeM HamucaTb

4 7 s '
37BN =i (o [3W | B 1.5
3TO — onpefielieHHe GeCKOHeyHO Manoro omnepartopa dW,,. Ilpu
mo6oM GeCKOHEYHO MaJOM W3MeHeHHHM JOJ/DKeH COXPAaHATHCA MY Ib-
THILUIMKATUBHBIA 3aKOH KOMMO3MUMM 1/ PYHKUMKH npeobpasoBa-

HUA, MOSTOMY MNOLpPasyMeBaeTcs, 4YTO AJd GeCKOHe4YHO MaJbIX
OMepPaTOPOB BLIMOJHAETCA AANUTUBHEI 3aKOH KOMMOBWULUH:

W, = W, 3+ 3W,. (1.2)

Ecau npencraBieHnss @ U 3 TOXIeCTBeHHH, TO Mbl 3aKJOuaeM,
4TO

W, —0;

9TO PaBeHCTBO BhIpa)kaeT TpeBOBaHMe COXPaHeHHs OPTOrOHAJbL-
HOCTH COOCTBeHHHIX BeKTOPOB [aHHOrO npeacTaBieHus. OTo-
HAeCTBIAS NMPeJCTaBJeHUs & W |, HAXOLUM

SWBG === —— aWaB.

Hs Broporo cBoficTBa ¢yHKIMU NMPeOGPa30BaHUA BLITeKaeT,
YyTO

— (@ |3Wy | B) = — 1| 3Wh | o) =4 (3|8 Wi, | ),

unmu
Lo
5“’/&3:8“’/
T. e. 6eCKOHe4yHO MaJsle onepaTophl 8W,; SPMHTOBEI.
Oneparop 3W,; o6aanaer emwe ommM CBOHCTBOM aJUTUB-

HOCTH, OTHOCAIUIMMCHA K KOMMNO3HLUWM ABYX NHUHAMH4YeCKH He3aBH-
CUMBIX cHcTeM. Tak, ecau cuctems I u [l AuHaMuueCKH He3a-

BHCUMBI, TO
AV 4 IV 4 4 ’ 7 7
(arayr | 318n) == (e1] 81) (an| Bu)s
W ecin 3W.s u SWL5 sBAMOTCA oOMepaTOpaMH, XapaKTepH3YIO-

HiMMH GeCKOHeYHO MaJjible W3MeHEeHHMs OTIeJbHHX (VHKIUHUHA npe-
o6pasoBaHusi, PO ©NepaTOP IJA MOMHOH CHCTeMBI PaBeH

BW,5 = AW - 3Wig
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 BeckoHedHO Majible H3MEHeHUA COOCTBeHHEIX BEKTCPOB, COXPa-
aMOMUe CBORCTBA OPTCHOPMHPCBAHHOCTH, MMeIOT BUl
8T (e == — iG ¥ (&),
S (a) T = W (a") TG,
roe MpOu3BOAAINUK ONepaToOp Ga——ﬁeCKOHe‘-lHO Majau$i 3pMUTOB
onepaTop, OOAanawoii#i CBOKCTBOM afAUTHBHOCTY AJAA KOMMNO-
sulMd AuHaMu4YeCK# He3aBHCHUMBIX cucTeM. Ecau 06a coBCTBEH-
HBIX BekTOpa (YHKLU¥ [peobpa3OBaHug BAPLUPYIOTCH He3dBHU-

CUMO, TO Pe3VJbTHpylOllee W3MeHeHue (PYHKIUUU NpeoOPa3OBaHus
umeeT OOwuH Bupg (1.1), nMpudem

BWas — GOL T— 0\3.
BekTop '
W (o) 43T (@) = (1 — iG) ¥ (&)

MOXHO OXapaKTepudoBaTh KaK COOCTBeHHHt BeKTOpP COBOKYM-
HOCTH ONlePaTOPOB

a=(1—iG)a(l+iG)=a—3a
Cc COOCTBEHHBIMH 3HaYeHHAMU -Ocl; 3neChb
oa = —ifa, G,l.

3To OGeCKOHeYHO MajOe YHHTapHOe TMNpeoOpasoBaHne CO6-
cTBeHHOrO BekTOopa W (a’) Boi3biBaeT TakOe npeoOpasoBaHue
mobero oneparopa £, 4ro

(2| Fla"y ={@ | F|d).
3anuiileM 3TO B BHIe
@ |Fla"y — (' |F|a") = (@ [(F—F)[),
unyd, B cuay OeCKOHe4HOH MajocTH npeoOpasoBaHudA, B Bujie
3(a’ | F|a")y== (2’| 3F | "),

Tle /leBaf 4aCTb OTHOCUTCH K H3MeHeHHIO COOCTBeHHHIX BeKTO-
poOB npu duUKCHMPOBaHHOM [, TOrAa KAK NpaBag 4acTb BhIpa)kaeT
9KBUBaJeHTHYI0 BapHALWI0 ONepaTopa F, [aBaeMyiy Bepaxes
HHeM

3F = F—F = —i[F, G,.
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Ecnu papuaiig COCTOMT B H3MEHeHHH HeKOTOPOTO mnapa-
MeTpa %, OT KOTODOro 3aBHCAT AWHAMHYeCKHe NepPeMeHHBle H
KOTODHIfE MOXeT sIBHO cOZepxXaThcsi B F, To uMeeM

F=F —(&F). = F+43F-—9.F,

rie O.F —nojHoe wu3MeHeHMz F, W3 KOTOPOro BHIYUTAETCH
0.F — uaMmenende F, CcBA3aHHOe C SBHBIM HaJM4MeM <, TaK K4k
nocnenHee HW3MeHeHHWe He MOXeT ObITE NMPOU3BeleHO npeobpa-
3oBaHMeM oneparopoB. TakuMm 0O6pasoM, M noay4aeM ,ypas-
HeHHMe [BHXeHHS® MO napameTpy <.

atF=atF+i[F’ G‘:]' ’ (1'3)

Hns nMHAMMYeCKHX CHCTeM, YNOBJeTBOPSIOIIHX MOCTYJATY -
JOKAJLHOr'O NefiCTBUS, MOJHOEe ONMHCaHHe NaeTCsi COBOKYMHOCTSMH
(pM3MYeCKMX BeJHYMH [, CBfI3aHHBIMH C NPOCTPAaHCTBEHHO-NOZO00-
HEIMH TOBe DXHOCTsMH 6. DeckoHeuHo Ma/ioe M3MeHeHHe OOuleft

" $VHKUMU npeobpas3oBanHus (C;sllt',;’oz) MMeeT BMI
3 (%19, | %25) = (419, | 8Wy5 | L2'5g)- (1.4)

3nece HHAEKCH | M 2 OTHOCATCA KaK K BHIOODY MOJHBIX COBO-
KYNHOCTe$#l KOMMVTHDPYIOIUMX OnepaTopoB %, Tak M K NPOCTpaH-
CTBeHHO-NTOJO00HO#i NOBePXHOCTH . Mpl MOXKeM, B YaCTHOCTH,
paccMoTpeTh NpeoOPa3OBaHHA MEXKAY ONVHAKOBLIMM COBOKYITHO-
CTIMH OfepPaTOPOB HA Pa3JHYHLIX TOBeDXHOCTAX HWIH MeXLy
PAasAHYHBIMM COBOKYMHOCTSAMH KOMMYTHPYIOIUMX ONepPaTopoB HA
OAHOW NMOBEPXHOCTH, KAaK, HaNpHUMep,

3 (Vo | Ta) = /s |3W| Ts). | (1.5)

Opur  THO u3MeHenusi oOmell ¢ynkuuu npeo6pasoBaHus
COCTOMT B BBelleHHM He3aBUCHMO HAa NMOBe PXHOCTAX o, U g Oec-
KOHEYHO MaJbiX YHUTapHBIX NMpeoOpa3oBanufi onepaTopoB, BKJIO-
YAIOUIMX CMelleHHs 2TUX noBepxHocrel. IIpeo6pasoBanus GyayT
npousBeneHsl oneparopaMu G, U (G,;, NOCTPOEHHBLIMH U3 JUHA-
MHYeCKHX fMepeMeHHHX HA MO3ePXHOCTAX ¢; U G5 COOTBETCTBEHHO,
npuieM

3W 3 == G, — G- (1.6)
Ecan dynxuus n'peoépasoaalmﬂ CBsI3LIBAeT H4 OAHOK K TOH e

NMOBEPXHOCTH [Be pAa3jHyHble COBOKYMHOCTH ONepPaTOpPOB, MOJL-
BepraeMueix OeCKOHe4HO MaJbIM TMpeoOPa30OBAHUAM, BLI3BAHHBIM
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npousBoasAmuMu oneparopamu G u G COOTBETCTBEHHO, TO B CUNy
comuomeum (1.5) uMeeM

3W=G—G. ' (1.7)

Tak Kak (uaMueCKue SBJIEHHA B PA3NMYHEIX TOYKAX MPOCTpaH-
CTBEHHO-NMONOBHOH MNOBEPXHOCTH AMHAMHYECKH HE3aBUCUMBL, TO
npousBoAsiiuft onepaTop G NOMKEH WMETb aAJUTHBHYIO GOPMY

G= [ dsG( ()= [ d9,G,(x).

rae de-— YUCJEHHAs MePa 9JeMEHTa MPOCTPAHCTBEHHO-NOAL06HOHU
nJjolllank; YToOH MNPUAATL MOBEPXHOCTHOMY HHTErpaly HWHBA-
puanTHeit Bul; Qg (X) cleAyeT paccMaTpuBaTh KaK BPEMEHH-
nonoGHYI0 KOMIIOHEHTY BEKTOpa B JIOKaJbHON CHCTEMe KOOpAu-
HaT, Gasupyiowelcs Ha noBepxHoCTH . Ecim G, (x) Ha nosepx-
HOCTH G, W Ha NMOBEPXHOCTH Gy MOMHO HMHTEPIPETUPOBATHL Kak
3HaYeHUs BEKTOpa, ONPE/ENEHHOr0 BO BCEX TOuKaX, TO PasHOCTb
NOBEPXHOCTHHIX HHTErpajos B CooTHomieHuu (1.6) moxHO npe-
o6GpasoBaTh B OODbeMHBIH MHTEerpan

3W,y = J' (@%)0,0, (=) (0. = 5%)

Opyro#t Tan usMeHeHus GYHKUHM npeobpasoBaHud MOdydaeTcsd,
ecli yuecTb, 4To npeobpasosanue, coenunsiomee &y, o, u &y, Sg,
MOHO MOCTPOMTb MOCPENCTBOM GeCKOHeuHoH mocienoBaTe b=
HOCTH npeoBpasoBaHHH, CBA3LIBAIOWIMX onepaToprl Ha OecKo-
HeyHO GJHM3KMX NMOBEPXHOCTsX. B coorsercTBuk ¢ obuuM cBo#-
ctBoM annuTuBHOCTH (1.2)

8W12 = Z 8W3+da, o
%

rae 3W,, 4, XapakrepusyeT usMeHeHue ¢yHKuuu npeobpaso-
BaHW#A, CBA3LIBawLel#l GeCKOHEYHO MAaJj0 OTVIMYAIOUIHeCHd MOJHEE
COBOKYMHOCTH oOmnepaTopoB HA O6eCKOHEYHO OJIM3KHX NMOBEPXHO-
ctaX ¢ U o-+ds. Ecim BubGOp MNpoMeyTOYHHIX ONepaToOpOB.
HenpephiBHO 3aBUCHT OT NMOBEPXHOCTH, TO MNOJYHHUM

SWG, ¢ = 0;

NpHHUMAash ONATb BO BHHMaHKE [WHAMKHYECKYI0 HE3aBHCHMOCTb
sBMI€HU# B TOYKAaX, Pas[geNeHHBIX MNPOCTPAHCTBEHHO-NMOMAOGHBIM

9 3ax, 1174. 0. lUlsaurep
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WHTEPBAJOM, C BHITEKAaIOIUMM OTCIOLA CBOHCTBOM anIUTHBHOCTH,
MBI HaXOAHM, YTO 0Wsigs, o 6yNeT MMeTh OOLIMH BHI

st do

SW. +ds,a = f (dx) 8.? (x)

HoaTomy
W= [ (dx) 8.2 (2. (1.8)

KoM6uHauuss 9TUX ABYX THMOB N3MeHeHHH OMHUCLIBAETCA Bbi-
" pakeHHeM

W= 0,— 0+ [ (4932 (»),

KOpoOe COepPKAT JUHaMUyeCKHe MNepeMeHHbie Ha IIOBePXHO-
CTAX G, Gy W BHYTPH o6bema, OTPaAHMYEHHOTO STHMHU NOBepX-
HocTamMu. Kpome TOro, MH MOXeM B3alucaTh 3TO BHPaXKEHHE
B Buae O0BEMHOTO HHTerpana

W — f @)[0,0, () + 8.2 ().

L

KOTOPHH YKasbBaeT, B CBOIO Oouepelb, Ha TO, YTO MoGas YacThb.
3.9 (x), umeioulass BHJ AMBePTeHUMH, NaeT BKJaA JHIIbL B yHu-
TapHOe NpeoOpasoBaHWe HA MOBEPXHOCTAX Gy U Gy.

QOcHOBHOH NMHaMHYeCKHH MPHUHIIUI 3aKIIOUaeTCd B ClelyIOlieM
NnocTy/naTe: CYILeCTBYeT KJIaCC W3MeHeHM# PyHKUMM npeoGpaso-
BAaHHWSA, AJI1 KOTOPHX COOTBeTCTBYIOLiMe OMePaTOPsl 3W,o moay-
4aTCa Hannemameﬁ BapuauveH enIHHCTBeHHOTO omneparopa Wi,

SWyo=23(W o).

KoneyHo, nuHamMuyecku#i MPHHUMN NOMKeH GbiTb CHaGeH SABHEIM .
yKa3aHMeM STOTO KJjacca.

Oneparop W,y oneparop uHTerpana neHcTBUSA, OUEBHIHO,
HMeeT BHU]

Wy = f (dx) 2 (»).
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TpeGoBaHHe I3PMHMTOBOCTH, Hajaraemoe Ha W5, yZaOBIETBO-
peTca, ecaH omnepatop W, SPMHTOB, a STO O3HauyaeT, UTO
. (x)—oneparop dyukuun Jlarpamka, obGianaeT TeMm Ke
cpoficTBoM. HTOOB COOTHOLUIEHHA MeXIY COCTOAHHMAMH HA NOBepX-
HOCTAX G; W Oy XapaKTepH30BaJWUChb MHBAPHAHTHHIM 06pa3oM,
¢ynkuus Jlarpamka [0MKHa OBITE CKajafpoM M0 OTHOUIEHHIO
K npeoGpa3oBaHUAM OpTOXponHO# 1) rpynne JlopeHua, kKoTopas
coxpaHfeT BpeMeHHO# MOPALOK o; M G3. JluHamuueckas cucTema
XapaKTepuadyeTcsa yKadaHueM JlarpaHKeBOH (PYHKIMM, BHPaXKeH-
Ho#i yepe3 COBOKYMHOCTH OCHOBHEIX JHHAMHYECKHUX TMepeMeHHBIX
B GeCKOHeYHO Manofi OKPeCTHOCTH TOUKHM x. B sTo#t narpamxe-
BO# (YHKuMM OyAyT COLePKATbCHA onpejeleHHbe YHC/IeHHbE
napaMeTphl, KOTOpbie MOTYT OuITh (YHKUMAMH OT Xx. Bcakoe
H3MeHeHHe STHX NMapaMeTpPOB H3MeHAeT CTPYKTYDPY JarpaHmxeBo#
(GYHKUMH W MeHfeT TeM CaMbIM M JMHAMHUYECKY0 CHCTeMY.
B coorBeTcTBUU ¢ 3TuM OeCKOHeUHO MaJjible U3MeHEHUS NHHAMH-
yeCKO# CHCTeMB OIMUCHIBAIOTCHA BhIpAaXKeHHEM

: 8W12 ==f (dx) 3.2 (x),

rae 8. =38 (. %), a o6beKTaMU BapHALMU ABJAAOTCHA YUCJIEHHLIE
fmapaMeTphi. Bua 9TOro  BHpaXKeHH HAXONHTCH B COTJIACHU
¢ seipaxenueM (1.8). aa GUKCHPOBAHHOH AMHAMHYECKOH CHCTeMH
oneparop W;, MOXeT U3MEeHATHLCH MPH CMelleHHH NMOBePXHOCTeH
G; M Gy W BAPbHPOBAHHH JMHAMHMYECKHX MePeMeHHHLIX, COlepHkKa-
WHXcA B JarpamkeBo#t dyHkuuu. PyYHKUMA npeoOpasoBaHUs

(L’,{c:1 | L’,;'da,) ONHCHIBAET COOTHOLIeHHE MeXAY ABYM#SA COCTOAHUAMH
JAaHHOY CHCTeMBl, TAK YTO HW3MeHeHMe B ()YHKIHH NMpeoOpasosa-
HUS MOMXeT NPOUCXOLUTHL JIHLIL OT HW3MeHeHHH COCTOAHMH Ha
" NOBEPXHOCTAX ©; H 0y. [losToMy nnas dukcMpoBaHHOH AMHAMH-
YeCKO!i CHCTeMbl MBI JOJ/KHEI HMeTb

3Wo == G; — G,

rae SW,,=8(W,,), a o6beKTaMH BapHALMH SABJIAIOTCH G; H Oy
U NHHAMHYeCKHe NMepeMeHHHe, (PyHKLMefl KOTODEIX aBAdeTCH F.

[TocnemHee YyTBepXieHHe eCTb ONePaTOPHLI MPHHUMN
crauuoHapHoro ae#ictsus. OH yTBepkAaeT, 4To omeparop Wi,
JOMKeH OBITH CTAlHOHAPHHIM 10 -OTHOWEHHI0O K BapHaUuMAM

1) 3to na3smamme Npemaoxua Bada [2].

PA
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INMHAMHMYECKMX NepeMeHHBIX BHYTpPH 06JaCTH, ompeje/seMol fo-
BEPXHOCTAMH S, M Gy TaK Kak G; U (U, comepxaT JHUIb IH--
HaMHYyeCKHe NepeMeHHbe, CBA3aHHbe C TPAHHLAMHU 06acTH. ITOT
NPUHLUHMIN CONEPKUT B ceGe ypaBHeHHS ABHXKEHHUS A/ JHHAMH-
4YeCKMX MMepeMeHHLX; T. €. YpaBHEeHHs NMOoJsd, H NaeT BbIPaXKeHHs
/s TIpOU3BOASAUMX omepatopoB G, U Uy. Knacc Bapuauui,
K KOTOpDOMY OTHOCHTCS Halll NMOCTYJaT, MOXHO TeNnepb onpene-
JUTh TpeGOBaHHEM: CBeleHHs OTHOCHTE/]LHO ypaBHEHHH Moas H
GeCKOHEUHO MaJbiX YHHTApPHBIX NpeolpasoBaHU#t AOJMXHE OHITb
BHyTpPeHHE COrJacOBAHHLIMH. _

BHyTpH 9TOro KJjacca OCTaeTCf NMPOM3BOJ, KaK MOXHO 3a-
K/IOYAThL, 3aMETHB, YTO [Be JarpamxeBbl (QYHKIHH, OT/IHYAIO-
lunecs QMBEpreHuMefl BEKTOPA, ONMUCHBAIOT OAHY H TY XKe IHMHA-
MHYecKylo cucTeMy. TakuM ob6pasom,

-9’ (JC) = .2’()6) - ay.fy. (JC)
aaet _
Wig== W — (W, — Wy), (1.9)

rae Ha KaxaoH NMOBepXHOCTH
W = f do, f, f dofy

B COOTBeTCTBHH € STHM NIPHHUMN CTAalHOHAPDHOTO HeHCTBHA
aasi W,, y#OBIeTBOpsSeTCH, €CAH OH cmpaBeituB aias W,
TaK Kak

. anzzal—sz

3neco

3W, =G, —G,, 3W,=0,— G,

onpenensior G, U Gy, KOTOpbie SBASIOTCS HOBLIMH NPOH3BOAS-
IMMH oOMnepaTopaMH GeCKOHe4YHO MajblX YHHUTapHBeIX npeobpa-
30BaHHi{t HA MOBEPXHOCTAX G, M Gy COOTBeTCTBeHHO. [locnenHue
ypaBHenusi umelot Bua (1.7) u, TakuM o6pasoM, XxapakTepHsyiOT
¢ysxuMH npeo6pasoBaHHs, CBA3LIBAIOLIME 1BAa Pas/JHYHBIX mpejn-
CTaBJeHHS HAa ONHOH M TOH ke MOBepXHOCTH. JleHCTBUTEJLHO,
npH noaxoasiueM BoiGope o603HaueHH#t MBI OOHapyXHBaeM, 4YTO
¢opmyna (1.9) BupakaeT CBORCTBA aJJUTHBHOCTH onepa'ropon
neHcTBHA, T. €.

W(Cxav ce"z) = W(il"v G0y) + W €0y C2°2)+ W (Cy0,, E—z“z):
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rae, Hanpumep,
Wi —_ W(C13p Clcl) == W(’:'lcl' Elcl)

W, = W (%55, Cacg,)

Yro6bl ypaBHeHHS IO/ HaXOAH/JAHCh B COOTBETCTBHH C IMMO-
CTy/1aTOM JIOKANLHOTO NeHCTBUSA, OHH NOJKHH OuTb nHddepeH-
HMaJALHEIMH yPaBHEeHHSIMH KOHEUYHOro mnopsaka. Takde ypaBHe-
HAS BCErJa MOXHO NpPEeBPaTUTh B CHCTEMYy yPaBHEeHHH IepBOro
nopsiika nyTeM Hajjexaiiero no6aBieHus nepeMeHHeX. OCHOB-
Hble JMHaAMUYeCKHe IepeMeHHble, yIOB/eTBOPAIOLLHE YPaBHEHHIM
nepBOro nMopsiaka ¥ oGpasyiolie KOMIOHEHTH oOlepaTopa Mnojs
ofiero Buma 7y (x), Mpl 0003HauMM uepes Y, (x). Bes morepu
OOLIHOCTH TOJIOXKHM, 4YTO 7 (X) sABAsAETCA 3PMHTOBLIM oOlepa-
TOPOM .

%r ()" = %, (%)

Ecin ¢ynkuns JlarpaHxa po/KHa 1aBaTh YPaBHEHHs MoJd
’ejlaeMOro BHAA, TO OHAa JOJXKHA ObITh MUHeHHON OTHOCHTE/IHLHO
nepBBIX MMPOUSBOAHLIX OMEPATOPOB MOJs MO MPOCTPaHCTBEHHO-
BpPeMeHHEIM KoopauHaTaM. Kpome Toro, ecim STH ypaBHeHHd
noJs NOJDKHB TMOSABAATHCA KAk fBHbIE ypPaBHEHHS NBHXXeHHS IS
KOMIIOHEHT MoJd, TO YacTbh JarpaHxeBo#t QyHKLHH, CojlepiKallas
nepBbie NPOM3BOIHLIE N0 KOOPIHHATAM, AOMKHA ObiTh OHianHel-
HOft mo KommoHeHTaM mnojs. [locre 3TUX- MpenBapUTENBHBIX
saMeyaHU#l HamuieM clelyiolilee ofillee BhipaxXXeHHe Ajs (PyHK-
uun Jlarpanxa:

1
Z =750, 9, x— 0 ) — ¥ (s (1.10)
B 9TOM BLIpa)XeHHH HCMOJH30BAHO MaTpUyHOe O0O3HayEHHe

Xsup. ap.x =Yr (sup.)rs ap.Xs‘

YneHsl ¢ MPOUSBOJHLIMH CHMMeTPH30BaHB MO OTHOLIEHHIO K Ofle-
pauMy HMHTEr pUpoBaHMs N0 YaCTIM — npoueccy, KoToprift noba-
BJAsIET AUBEPreHUMIO K JarpaHXeBo#t (QyHKUHH H He BJHAET
MO3TOMY Ha CTPYKTYpPy JAHHaMuyecko#t cucTeMbl. HToOul PyHK-
uus _% Oblna SPMHUTOBBIM ONle paTOpoM, ofwas ¢yHkuus
po/kHa oOnanath 9TUM CBOHCTBOM:

& () = I ().
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a uucneHHsie Marpuus ¥, (v=0, 1, 2, 3; x,=ix, A, =1iUy)
LOMXKHBI OBITH AHTHOPMHTOBLIMHU

%[:P=%[f:*=— P‘; !J‘=0’ 1’ 2) 3.

HecMoTps Ha TO, 4TO nJf HAc NMpeincTaBASIOT HHTEpeC 3aM-
KHyTbleé JNHHAMHMUYECKHE CHCTEMbl, MAaTeMaTHUYECKH IIJIOLOTBOPHO
HCMO/L30BATL METONBbI, OCHOBaHHBIE Ha CBOHCTBAaX BHEIMIHHX
HCTOYHHKOB. B cOOTBeTCTBHH C 9TUM Mul n00aB/isgeM K BbIpa-
#eHmio (1.10) usnen '

) ’ Jnc'row. == '—;" (E%X + ’)(%5), (1‘. 1 1)

npenHasHaueHHBI 1/ OMMCAHHA POXAEHHA nojd Y (x) BHeUIHHM
HUCTOYHHKOM £ (X), KOTOPHIHf 1O/KEH pacCMaTpUBaThbCs KAaK BeJH-
4YyHAa TO# ke mpUpOLH, 4TO H Y(x). Onepatop _Pucron. OyHET
SPMHUTOBLIM, eciH P sABAsSeTCS SPMUTOBOM MaTpHueH

Bt —B.

YTo6Ll BBeLEHHE MOHATHS HUCTOYHMKA HMMEJIO CMHIC/], BCE KOMIO-
HeHTH Y ILOJKHBI NMOSBASATHCS B BuipaxceHuu (1.11) cBasaHHBIMH
C KOMIMOHEHTAMH HCTOuHMKA. IDTo TpebyeT, uyTo6n B Onlna
HECHHT yJSIDHOH YHCJEeHHOH MaTpHUueH.

OpToxpoHHoe npeoGpasoBanue JlopeHua

%y = ru%, 1,
r'r=1, 'r,,>0,
BHI3BIBAET JHHEHHOE npeoBpasoBaHHE KOMIOHEHT MoJs
=Ly =yL",
rie L moaxHo ObiTh ne#cTBHTENLHON MaTpuuef,
L*=1L,

4yTOGH COXPAaHSATL SPMHTOBOCTH “y. TpeGoBaHHE CKaNAPHOCTH &
yIOBJIETBOPSETCH, €CIH S ABAsAETCH CKANApOM,

S (Ly) = &4 ()
L9 L = r, 91, (1.12)

ByneM npenanosaraTh, 4TO HCTOYHMK oGjanaeT TEMH e TPaHC-
$OpMALHOHHBIMH CBORCTBAMH, YTO H MOJe. YCJIOBHE TOTO, YTOOH!

H €CJH
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yleH JarpaHxeBo# (GYHKUMH, COfepxamied MCTOYHHK, GbIA CKa-
NSpOM, HMeeT BHI

L"BL=8. (1.13)

& b ‘

3aMetuM, uto A; ¥ B Takke yn0BIETBOPHIOT COOTBETCTBEHHO
ypaBHeHusM (1.12) wu (1.13) M uTo STH ypaBHEHHS MOXHO
CKOMOGUHHUDPOBATh B COOTHOLUEHHE

—1 00 —1 —1
L@ UN)L=r,, (B U)
B CHJY HECHHTYJSPHOTO XapakTepa MaTpuun B.
IOns GeckoHeuHO MaJjoro npeofpasoBaHus JlopeHua
%, = Xy = Sy ¥y +e g, =gy,
marpuuy L MOMHO 3amHCaTh B BHUIe

L=1— S

2 pu (114)

v
roe’ : _ .
Spp=—=Sp; W v=0, ..., 3. (1.15)

Bapuantom ycaoBus (1.13), copepmawuM OeCKOHeYHO Majble
npeo6pasoBaHus, Oyznet

—_— S:::; = %Sp,v%-l == S+v’
HJIHA

(BS,)" = (BS,.),

rfe 3Ha4KH KOMIJIEKCHOTO COMNPSKEHHS OTHOCATCH K KOMITOHEH-
TaM, yKasaHHbIM B Bupamemm (1 15). Amnanoruuso,

%[p,s AT Sv)\%[ == { (oy.)\%[v - oy.v%[)\) (1 . 16)

[%“1%[‘9.’ Sv)\] == i(ay)\%_ls}lv - 6&1.9%“]%)\)'
Ecau paccMaTpuBaTh
’ [ 2
A= (1 5 el“S )7

KakK mnoJie B IepBOHAuYaAbHOR CHCTeMe KOOleHHﬁT, KOTOpOE no-
STOMY JMOJKHO HMETb TY e 3aBHCHMOCTb OT CHCTEMHI KOOp-
JAHHAT, 4YTO H 7, TO l'lOle‘-lPlM

L_IS L = rv )‘r\me,
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Jas 6ecCKOHe4YHO MaJjbEX NpeoOpasoBaHUit 5TO COOTHOIUEHHE TMpPH-
HHMaeT BHJ

i [Sp-w Sul= ay.xsv). - aw.SpJ. -+ avkspx - ap)\svx -

IMpousBoms BapHauuio HHTerpana gefictBus, OyneM pac-
cMaTpHMBaTh JABa THNA BEJHYHH-— KOODAMHATH M NepeMeHHHIe
nO/s — HA TOYTH PABHHIX INpPaBaxX, XOTs MNepBHIE SABASIOTCH UHU-
cj1aMH, a MnocjejgHHe — oneparopaMu. BBeiseM BapHauHio Koop-
AUHAT Bxp,' MPOU3BOJILHYIO BO Bceft BHyTpeHHe#t o6aacTH, HO
MOAYHHEHHYIO YCJIOBHIO:

d, 8x,+0,8x, =0 .17

Ha TOBEPXHOCTAX G; H Sy, T. €. TOMY YCJOBHIO, YTO TIpPaHHLH
OCTAIOTCS MJOCKHMH NOBePXHOCTAMH. KOMMOHeHTH moas . (x)
3aBUCAT KaK OT CHCTEMH KOOPAMHAT, TaK H OT ,COGCTBEHHOrO
nons“. TIpy BpallleHHH CHCTEeMbl KOODIHHAT KOMIIOHEHTH MOJd
H3MEHAIOTCH B COOTBETCTBHM ¢ BhipaxceHusMu (1.14). B coorBer-
CTBHHM C 3TUM 3anuuieM oOO6lIyI0 BApHALMIO TNOJAS KAaK CYMMY
CcOGCTBEHHO MOJIEBO# BapHauMM M BapHALMH, BHI3BAHHOR JIOKa/b-
HLIM BpauleHHeM CHCTEMBl KOODIMHAT:

N : 1 ’
o (X) = ax — "2_ (ap axv) Sp:;-X_’

rje B Culy aHTHUCUMMeTpHUH TeH30pa S,, 3¢¢deKTHBHA TOJBKO
BpailaTeJbHas YacTb CMElIeHHs KoopauHart. [as noas ucrou-
HHUKa, ABASIOUIErOCcs 3ajaHHOH (yHKuMe# KOOpAMHAT, HMeeM

3(§) =18x, 0,t. (1.18)
Mu Takxe 3aMeuaeM, 4TO
8(dx)=(dx)0,08x,
! 8(9,) = —(09,8x,)9,,
OTKy a2 .
80,0 =0, 3(0) — (0, ¥x.) 01 (1.19)

JlopeHiueBa:MHBAPHAHTHOCTL ONepaTopa & AaeT CylUeCTBeH-
HOe yNpoileHHe INpH BHYUCAEHHH BKJAana B Bapuauuio 8 (%)
oT KoopauHaTHOR Bapuaumu y. Tak, ecaiu Gu BennuuHa @, 0x,
6bLl1a AaHTHCUMMETPHUHOR H MocTossHHOH, ee kKo3ddHLHEeRATH B Ba-
pHauuH JjarpaHxeBoft PYHKUHHM HCYesand OBl TOXKILeCTBEHHO A/
BCEX 4/IeHOB, KPOMe uY/eHa, CONEepPXaliero. HCTOMHHK, TaK .KaK
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p3MeHeHHe B £, BbISBAHHOE BpalleHHEM, He CONEePXKUTCH B Bhipa-
wenun (1.18). B coorBeTcTBHH ¢ 9THM B o6lueit KOOPAHHATHOM
papualliH BhipaxkeHus (1.10) ocTaloTcs AMIUL Te ujleHb, B KOTO-
pHIX O, 0x, 1updepeHUUpyeTCA HIH TOSBAAETCS B CHMMETPH30-
BaHHOR KOMOHHALMH 0, 8x,— 0,8x,. O6a ciyuas MOJHOCTHIO CO-
nepxKatcs B BbipaxceHuH (1.19), uTo MPHBOLMT K BapHauuu

N by 1 S . l
3(2)=0.F — 5 (0, 8x,0,8x,) 5 (XU, 0,x — 0.y, ) —
, 1 5y 1
— i (0,0,3%,) 5 X (Up S+ SHA) y —
1 by 14
— 1 (8, 8,) EBS,. — A S BY).

BBuLy CHMMETPHH BTOPOH NpOH3BOmHOM

(850, 35) ¥, (AuSo + SHAUL) ¥ =
= (9, (0,86, + 0, 3,)) ¥ (U, Spr - S A —
— — (9, 3%, + 0, 8x,) 0, [} (W, Syr + S W) 1 s

nociefHHU# Mepexon 3aech BHIPAXKAET Pe3yabTaT UHTEr PUPOBAHUA
Mo YacTsM, NMPH KOTOPOM NPOHHTErPUPOBAHHBLIR uJeH Hcuesaer,
TaK KaK CHMMETPH3OBAHHHI# TEH30p paBeH HyJ/I0 Ha IpaHALAX
[ycnosue (1.17)]. Cobupas kosdduuHeHTH TPU 9, 0x, B TeH-
sop T,, HMeeM

B(Wi) = [ (@%) B.Z + (9, 3%,) Ty, =

— J‘ l(dx) (8.2 —3x,0,T,, + 0, (T, 3x)),
rae "
Toy=.P8,— %(x‘liman_.x—aox% D—i 5 GBS px—xShBH+
A ipal @S+ S (120

M HCMOABL30BAHO cjeayloulee 00O3HaueHMe A4S CHMMETPHYHOR
~Y4aCTH TEeH30pa:

Wpdy = =5 (A0, -+ 2,0,)-
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Bapuauns 8% 6GyneT BhpaxaThCA cnenyloumm ob6pasom:

8.2 = B'X;H:’-ap-x O,y AU, & — 0979 ’+‘ (07%" + B+
a 1
—+ 8x, > 1B,k 40,88y +0, [7 (U, 0 — ox‘)lgx)] .

CnepoBaTenbHO, MpPUMeHSIS! NMPHHUMN CTAUHOHAPHOTO IeHCTBUS
K BAPHAUMAM KOOPAMHAT H NONA MOPOSHL, MOJyHAEM

0,T,, = 5 (B0, 0,iBy)

3 = W, 0,y — 07U B+ L ayBe+t83y), (1. 21)'

B TO BpeMf KaK TOBEPXHOCTHHIE uJIEHH HA G; H Gy AAIOT Gec-
KOHe4YHO MaJLil MPOUSBOASIUIHR omepaTtop

1 . by S ) by :
G = f ds, [7 U, 3 — WU+ Ty, ox\,] .

Oneparop S# sBasieTcsl NMPOU3BOJILHONR HHBAPHAHTHOH PyHK-
uHe#t noas . Ecau ero Bapuauus nomxHa umeTb BHL (1.21),
TO BEJHUHHA Oy, MOSBAAIOUIASICH CleBa M CNpaBa, NOMKH2 HMETh
9jIeMEHTAPHbLIE ONMEPATOPHEIE CBORCTBA, XapaKTepPHSYIOUIHE KJace
BapHauHft, K KOTOPLIM OTHOCHUTCH NMpuHuUN HelctBUg. [lostomy
MBI LOJXKHB HMEeTb BO3MOXHOCTb CMECTHTh 0 B BHIPAKEHHH
& 8SF NOMHOCTHIO HAMEBO MM MOJHOCTLIO HAMparo, T. €.

N « G awa
o@%’=oxgz—dx—=‘ :9)(. 3.

STHM onpenensioTcs JeBbe M NMpaBsie NMPOU3BOLHEE OT FE MO X.
Beuny mnoaHo#t CcHMMeTPHH MeXAy JeBOH M NMPaBO# 4YACTAMH
B NpoOuecce yMHOXEHHs 3aK/I0UaeM, 4TO BLIPaXEHUS ¢ Oy CjeBa
U crpaBa B NeHCTBHTENbHOCTH HAEHTHUHH. Y paBHeHUS MNOAA
HMeIOT MO3TOMY ILBE 3KBHBAJEHTHEHIE q>opm>x

P .
251{“0“ = _zc_f_&.. _— %E

’ - ar(ﬂ?

1 G MOXHO COOTBETCTBEHHO 3alUCaTh B BHAE

G= f ds, [y N, =T, 85,1 = f ds, [— 3N,y T, 8%, (1.22)



IMHAMUYECKHMA TPUHLKMI _ 27

Ec/M OrpaHHUYMTbCA MPHMEHeHHeM TPHHIUHKIA CTAUMOHA PHOTO
gecTBUA K (PUKCHPOBAaHHLIM JHHAMMUYECKHM CHCTeMaM, TO BHeui-
Hue HCTOUHMKH He JOJKHBI H3MeHsAThCH. EcaM xe Tenmepn BBeCTH
6eCKOHEUYHO Majyl0 BapHAUHIO BEJHYHHH § M PacCrpOCTPaHUTH
apryMeHTH NpPebAyllero paccMOTPeHMs Ha 8f, TO MOJNyYHM
B2 SKBHBAJEHTHHIX BbiPaKeHHst IJs H3MeHeHHS, BHI3BBAHHOTO
B onepatope W,,:

8 W,y = f (dx) 8% By = f (dx) 1B B¢

CoOOTBeTCTBYIOIIYI0 MOAHGHKAUMIO COOTHOLLEHHS MEXNY COCTOs-
HMSIMM HA TIOBEPXHOCTAX ©; M Gy MOXHO [pPHMHCATH HHIUBH-
NyalbHBIM COCTOSHHAM TOJBKO B TOM Clyyae, eC/lH BBeCTH
HeKOTOpPble OrpaHHuYeHHs, HMelOUIHe XapaKTep TPAHHYHOTO YCJI0-
Busi. TakUM 0GpasoM, MB MOXeM IPeNNOJOXHTh, YTO' COCTOAHHE
Ha TOBePXHOCTH Gy He 3aTParHBaeTCs - BapHaildel BHellHero
HCTOYHHKA B O6JACTH MeXIY MNOBEPXHOCTAMH S; H dy. B atom
,3anasapiBaloieM“ onucanuu 8; Wi, Bri3bBaeT GeCKOHeuHO MaJoe
npeo6pasoBaHHe COCTOSHUS Ha MOBEPXHOCTH oy. Ilpyromy ,ome-
pexaloleMy“ OMHCAaHHIO COOTBETCTByeT omepatop — 8;W,,,
BHI3HIBAIOILKHH H3MeHeHHe COCTOAHHA Ha TOBEPXHOCTH Gy INPH
(HKCHPOBAHHOM COCTOSIHHM Ha MOBEPXHOCTH s,;. IDTO HauboJjee
MPOCTbie M3 BO3MOXHBIX I'DAaHMYHBIX YCJOBHH.

[TonesHocTr Ha3BaHUH ,38amasianiBaiolilee” U ,ONepexalomee”
JIerko BHHAETb, €CJAH pacCMaTpHUBaTh MAaTpPHUY

oy | F ()18 0,) = f (€s, |Ca) dt’ (Vs | F (3) |&"0) Al ("o |&),)

oneparopa, IMOCTPOeHHOTrO M3 AHHAMMYECKMX IMepeMeHHBIX Ha
HEKOTOpPO# MOBEPXHOCTH O, JieXallle MeXAy MOoBepXHOCTAMH
6, U o,. DBeckoHeuHOo Manoe HM3MeHeHHE HCTOYHHKA § BHI3bBaeT
cilepylolee H3MeHeHHe MATPHYHOTO SJleMeHTa:

8 (C{oy | F () |85 0p) =
— (C;cl l (()EF () -+ iaEWuF (6)—+ iF (o) BEWQ)] C’z'cz) =
== (&a, | (O:F (o) -+ i(F (3) 3;W,,) ) | &ay )i

3feCb MbI MpPeANoJOXHIH, 4TO F (6) MOXeT SIBHO 3aBHCEThb OT
HCTOYHHKA, H BBeJH O0GOSHaueHHe /st yNopslouyerPHBHIX BO Bpe-
MeHH npousBefeHHl, MaTPHyYHBI#t 91eMeHT 3aBUCHT OT BHEUIHETO
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HCTOYHHKA MoCpencTBoM onepatopa F (¢) H coGCTBEHHHIX BEK-
TOPOB HAa MOBEPXHOCTAX G; H Sy. [IpH 3TOM mnoayyaloTcs pas-
JMUYHBEE BHIPAXEHHS Njs & F (3), 3aBUCALUMe OT MPHHATHX rpaHHY-
HeIX 'ycaoBu#t. TakuMm oOpasoM, eciu 3anaHo COCTOfHHE HA MO-
BEPXHOCTH Gy, TO MH HAXOLHUM

8eF (9)],g, = 0 F(c)—{-i(F(a)SW 2), — BW,F (o) =
= OF () +i1F (o), W,k (1.23)
31eChb BKJIYEHH JHUIb U3MEHEeHHUA HUCTOYHHUKA Ha ﬂOBerHOCTH [+

i po Hee. Jlns mpoTHBOMOJOXHOrO yC/IOBHS aHANOTHYHO IO~
aydaeM '

BF(c)]adv_dF(c)+z(F(c)8 12) . — IF (0) W
= 0,F (6)— i[F (c),

ret

3aMeTuM, 4TO

8 F (M, oy — 8:F (,yqy = L [F (0), 3, Wy, ]
Onepatop G B cooTHoweHnH (1.22) COCTOHT W3 AByX YacTefl:
G=G,+4 G,,
rae :
Gy = [ do %, 8y = — [ do, 3%,
"

a, --—fdc:pL e 0, == 8,P, -~ erw ave

Bun nocaepnero BeipaxeHus nas (G, ofyciloBieH TeM, 4YTO MH
OTrpPaHMYUAUCH MJIOCKHMH NPOCTPaHCTBEHHO-NONOGHEIMH [OBEPX-
HOCTSMH, B pe3yibTaTe 4Yero CMelleHHs CBeJHCh K OeCKOHeYHO
MaJALM MepeMelleHHsM H TOBOPOTaM

8xv =8, + ey.';xp‘
C 9THMH CMelUeHHSMH CBS3aHH ONEPaTOpbl BEKTOpPA SHEPrUH-
HMITyJbCa

P, -—J ds,T,,

# TEH30pa MOMEHTA KOJAHYECTBa IABHXXEHHA

J_l.w = f dclMly.w
My, = %, Tay — %, Ths
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R

Onepatop G, OYeBHIHO, NPOHU3BOLHUT GECKOHEYHO Majoe -
npeoGpasoBaHHe. cOGCTBEHHOI'O BEeKTOpa, BHI3BAHHOE MapaJielib-
HbIM CMELIEHHeM MOBePXHOCTH, K KOTOPO# OH OTHOCHTCA. B oGo-
3HaYeHHH

_8,,‘1" (Co) = (3,8, —+ —‘,13 ewaw) ¥ (t'o)

uMeeM

BYEe)=PF (),  —BYEs) =T({)P,

8, ¥ (o) =/ W), = —iB,F{Ce) =¥,

Ecmn F (c) saBasierca NPOHM3BOJALHOR ¢yHKUMed aHHAMHYeCKHX
repeMeHHLIX Ha NMOBEPXHOCTH G M, BO3MOXHO, HENHMHAMHYECKHX
napaMeTpoB, 3aBHCALIMX OT @, TO MBI BOCMNOJb3yeMCs 06GO3Ha-
yeHHAMH : :

-SmF (c) = (evsv -+ -%- ev_vay_,) F (o),

0oF () = (8.0, 5 2004s) F ).

yTo6HBI PasaAHYHTE TMOJHOE H3MEHEHHE BCAENCTBHE CMELEeHHA H
n3MeHeHMe, BLISBAaHHOE fIBHBIM HaJMuYMeM HeJWHAMHUYECKHUX Mapa-
MeTpoB. B coorBercTBHM ¢ BHpaxenueM {(1.3) BuAMM, uTO

8,F (6) =0,F )+ iIF (c), P}
ay.vF (G) = a,wF (6)+ i [F (G), Jy.v]'

Hapsnexautyio uHTe pnipeTauuio Npoussoasuiero oneparopa G,
MOXHO HMOJIYYUTb, €C/AH 3aAMETUTb, YTO ero geficTBHe 9KBHBa-
JIEHTHO COOTBeTCTBYIOLUUM 06pasoM BHIGpaHHOR GeCKOHeWHO Ma-
JOR BapHAUMHA BHEWIHUX HCTOYHHMKOB. PaccMoTpuM caeapyioutee
GeckOHeyHO MaJjloe MOBePXHOCTHOe pacnpejne/seHde Ha OTpHLA-
TeJbHOH# CTOpOHe MOBEPXHOCTH G:

B 8k = (g %8 (x()); (1.24)

3TO paclfipejie/ieHHe COBMECTHMO C ONepaTOPHLIMH CBORCTBAMH
JaHHBIX Bapuauuft. Oas npocToThl GbIIO NMPUHATO, YTO ypasHe-
HHEM [OBEPXHOCTH o ABAAETCA X == 0. [Ipu rTakom BmnGope

8 Wia =f doyN g 8y = G,.
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”BMeHeHHe, BbI3BAHHOE B 1oJie p & MOXHO MNOJYYUTbL U3 BapHa-
HHH ypaBHemm JBUKEHHSA
. 0.5% ' .

2‘2«[“'09 8&7_—85—————01 =——%a€=-—-%[(o) 8):0()6«»).
OquPlﬂ.HO, » BEJHYHHA 8&7 nyeeT Pa3pHIB NPH nepexone 4epes
NMOBEPXHOCTHOE pacripeneeHue O: BeJHYHUHA 3TOro paapbm'a
A3eTCsa BBIpa*KE€HHEM .

2% g) Byl == — A(g) OY-

B 3anasaniBaiouleM OMHCaHHM, HanpuMep, BeJMuYHHA Oy PaBHa
HYJI0 0O IMOBEPXHOCTH, Hecyllel HCTOYHHK, TaK YTO PAa3phiB,
KOTOPbIi HMeeT 3Ta BeJHYHHA, eCTb H3MEHeHHe, BLI3BAHHOE .
B NoJe 7 Ha [MOBEPXHOCTH ¢ (ee MOJOXHUTEeJbHOH CTOpOHE).
TakuM 06pa3oM, MOBePXHOCTHOEe H3MeHEeHMe BHelUIHero HCTOoY-
HHKA [AdeT TOT e Pe3y/abTaT, 4YTO H npeobpasoBaHMe, BHI3BAH-
Hoe omeparopoM G,, B KOTOpoM () ¥ HAa NOBEPXHOCTH 6 3a-
MeHseTCs Ha

-—— " 1‘ . .
Aot = Ao x + A ¥ = Agx —75 %@ 37~ (1.25)

Marpuua A, coxpaneHa B 9TOM PaBeHCTBE, TaK KaK OHa,
BOOGIie  roBOpPS, fBAAETCA CHHIY/JAPHOH Marpuuel. Yucsao- koM-
MOHEHT ¥, KOTOPHIe MOAB/AIOTCA HE3aBUCUMO B BhipaskeHuu (1.25),
paBHO paury marputn W, ¥ PaBHO YHCIY HE3ABUCHMBIX YPaB-
HeHHM A KOMIIOHEHT MOJs, KOTODHhe HABJAAIOTCH YPAaBHEHHAMH
IJBHXXEHHS, TAK KAK OHH CONEP}KAT BPeMEeHH-NONOGHbie MPOU3-
BojaHble. Bripaxenune (1.25) ¢ nomoiusio npousaozmw,ero onepa-
Topa G, MOXHO MNpPeACTaBUTb B Byme

Y z]—‘ sl[(o) 3)( . (1.26)

Muoxutenb 1/,, KOTOpHH nosBAsSETCS B 5TOM pe3yabTaTe, Npo-
HCXOAMT OTTOrO, YTO BCe KOMMNOHEHTH gy PACCMaTPHBAIOTCS
Ha paBHBIX MNPAaBax; MH He JeJMHIH HMX Ha ABe TpYyNMH, OAHA
M3 KOTOpHIX (HKCHpOBaHa, a JApyras Bapbupyerca ). Ecuau

v Nanpueiimmee o6Cyucnenue 3TOro Bompoca 6yjeT AaHO B CTalbe,
HanpasieHHoll B Philosophical Magazine. (Ynomanyraa crarba LlBnx-
repa [4] ony6ankoBaHa, ¥ TePeBOX ee NPHBEieH B TPUJOMEHMH K Ha-
cTosieMy cGopHuky.— flpuast. nepes.)
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F — npouaBonbHas ¢yHkuus or W) Ha MOBEPXHOCTH G, TO
MOXHO 3aMHCaTh :

[F, GJ=iQ®F), =i _;_ SF,

rie OODBEKTaMH BapHAUMH SBIAIOTCA KOMMOHEHTHI %[(o)x. Ecau
ypaBHEHUS TMONf, KOTODHE SABJAFIOTCA yPABHEHUSAMH CBA3H, A0-
CcTaTOuUHBl NJs BHIPaXeHHs BCeX KOMMOHEHT y vepe3 (Y, TO
Mbl MOXEM MpPeBpaTHTb BeipaxeHHe (1.26) B BeIpaxeHHe

1
[Xl Gll = i_2' SX'

KoHeuHO, CleAyeT DasjuyaTh 3TH BaPHALUH, B KOTOPHIX He3a-
pucuMbl  TONBKO (Y, H HE3ABHCHMblE BaPHALUM BCEX KOMMNO-
HeHT 7Y, AalOLIHe YPaBHEHHS CBA3M M3 MPUHUMNA -KeHCTBHSA.

Y106kl 06JIETYHTH IMOCTPOEHHE I1€PeCTAHOBOYHEIX COOTHOIHE-
Ui AJi 9THX ToJell B SBHOM BHAe Mbl BBeJeM rHMOTe3y MPH-
BOJAMMOCTH, KOTOPAas CBs3aHa C JIOpPeHIl-HHBAPHAHTHEIM MPOLECCOM
pasaenenus mMatpuu A,, B Ha cUMMeTPHUUHBIE U aHTHCHMMETPHY-
goie yacTH. TlorpebyeM, uTOoOHI NOJEe M HCTOYHHKH paclaiaivch
Ha JBe COBOKYMHOCTH: mepBoro poaa y) =¢, £ =L u BTO-
poro poxa %® =1¢, ¢ =~. D10 pasbueHue CcOOTBETCTByeT
PAa3JOKEHHIO MaTpHL

Q«[p,.= ;ug-) :!_ %[(2), B =— %(1)__!__ .5«8(2),

AP = — AP, BT — B8O,
;u:f) tr__ f), %(2) tr___ %(2).
Marpuusi nepBoro poaa — aekictBurenbnsie (w==0, ..., 3),

a BTOPOro pojna-— MHHUMBle. Mbl He GyneMm TmHcarb pasnauyaio-
WMX HHAEKCOB, KOTrAa HeT OCHOBAHHS CNyTaTb STH MaTPHLUSI.

B cooTrBeTCTBHMM C rHMOTE30# NPHBOAHMOCTH YyPaBHEHHsS
noasi B ABYX SKBHBaJeHTHHX dopmax

0
2%, o,y = 1 — B,

. ~2%I§rdpx=éf—ai—6’-—$tr’é .






